PERIOD RELATIONS, JACOBI FORMS AND EICHLER 

INTEGRAL 

YOUNGJU CHOIE AND SUBONG LIM 

Abstract. We study period relations of Jacobi forms. It turns out that 
the relations satisfied by Mordell integral coming from Lerch or Appell sums 
are the special case of those. The existence of Jacobi integral associated to 
given period function using generalized Poincare series is claimed. 
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It turns out that these are the part of period relations associated to Jacobi 
forms, namely, any period function P(t, z) of Jacobi integral of weight k and 
index m (with trivial multiplier system) satisfies 

P(t, z) + T^e- 2 ^P(--, -) = 0, 

T T 

P( r ^) + (l^)-V 2 ™^P(— ,-) + (— )-V 27 ™ m ^P( ' : 



t t r — 1 r — It 



From the recent work by Zwegers[28], Bringmann-OnopQ it turns out that 
the mock theta functions, which were studied by Ramanujan in his letter [21] . 
are holomorphic parts of weak Maass forms. Based on the modular behavior 
of mock theta functions Zagier[2"T] further defined a concept of mock modular 
forms. However mock modular form can be considered as a special case of 
modular integral with period. 

The concept of modular integral already was introduced by Eichler and 
studied further by many researchers (see, for instance, [TH [TSl ES])- It is well 
known that Eichler integral plays a role to understand periods of modular 
forms, which are related to the modular symbols and special values of L- 
functions(see [13]). Note that a connection between period and Maass wave 
forms was explored by Lewis and Zagier[17j and further applications have been 
explored by many researchers [3], [TT] HH UHl [21] since then. 

The purpose of this article is to study period relations by introducing a 
concept of Jacobi integral. In particular we introduce a concept of mock Ja- 
cobi form, which was already appeared in several places(see [2], EH]), that is a 
holomorphic Jacobi integral with a "dual" (true) Jacobi form[8J. It turns out 
that Lerch sums studied in [28] and Appell functions studied in [25] can be 
viewed as typical examples of mock Jacobi forms. 

This paper is organized as follows. We introduce some useful notations in 
section 2. In section 3, the concept of Jacobi integral with period functions has 
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been introduced and a lifting map from Jacobi integrals to Jacobi forms are 
studied. Examples from the indefinite theta series, Appell function and Jacobi 
Eisenstein series of weight 2 are introduced. In section 4, period relations, 
using the relations of Jacobi group, are derived and it is also explained in 
terms of the parabolic cohomology in the sense of Eichler cohomology|14j. A 
family of Jacobi integral with theta decomposition was introduced. 

In section5, using a generalized Jacobi Poincare series the existence of Jacobi 
integral, which may have poles, was claimed. Here we modify the idea by 
Knopp [2] , that is, to introduce a generalized Poincare series to study Eichler 
cohomology. The detailed proof goes to Appendix in the final section. In 
section 6, we study a "mock Jacobi form" and period relations of a family of 
mock Jacobi forms. Section 7 gives a conclusion of this paper. 

2. Definitions and Notations 

Let us set up the following notations. Let % be the usual complex upper 
half plane and r GH, z G , j > 1. T :— T(l) := SL(2, Z). The Jacobi group 
r J is defined as follows: 

Definition 2.1. Let 

r J := r oc z 2j = {[m, (A, h)]\m g r, a, /i g z J }. 

This set r J forms a group under a group law 

[M 1 ,(A 1 ,^ 1 )][M 2 ,(A 2 ,/x 2 )] = [M l M 2 ,(X', l 2 , ) + (X 2 ,fi 2 )} 1 

where ( X i ) = M\ (^ J and is called the Jacobi group. Note that the Jacobi 
group r J acts on 7-L x C J as, for each 7 = [( a c b d ) , (A, /i)] G r J , A, \i G Z J , 

. .ar + b z + At + u. 

7(T, Z ) = ( — 7> — 1— )■ 

ct + a ct + a 
Furthermore, for 7 = [(« b d ) , (\, /j,)} eT J ,ke |Z and M {j) G M jxj (|Z), let 

Let us define the usual slash operator on a function / : % x C J ' — )• C : 
(/L,MrfCfl7)(T>z) :=w(7)j*,a<cj)(7»(t^))/(7(t.«))» 7 e T J , 
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where a; (7) is the multiplier system of weight k on T J so that it satisfies 

^(7i72)Jfc,M«)(7i72, ( r ^)) = w(7i)w(72)j fciM tf)(7i»72(T,«))j fc ,M(j)(72, (f,*)), 

for all 71,72 € r J . Then one checks the following consistency condition (see 
also [10], Section 1.1 ): 

{fL,k,MU)iL,k,MO)i')( T ^ z ) = {fL,kM(i)ii){ T i z )i 7,7' e r J . 

Throughout this paper we let 

/L,fc,MW)7 = /|«7 

unless it is specified. Also when a; is trivial, i.e. a; (7) = 1, for all 7 £ T J we 
denote it as 

/L,k,A<«)7 = /l*,A4W7 = /It- 
Throughout this paper we let u := Im(r), y := Im(z) = (Im(zi), • ■ ■ , Im(zj)). 

3. Jacobi Integral 

Let Jv[v) De fixed and V M u) be the space of functions / holomorphic in 
% x C J which satisfy the growth condition 

\f{T,z)\<K(\r\o + v-°y* T <^\ 
for some positive constants K, p and a. 

Proposition 3.1. The set V M u) has the following properties: 

(1) It is preserved under \^ k M(j) f or an U rea l k and any 7 £ r J . 

(2) It forms a vector space over C 

Proof For simplicity we may assume that j = 1 and Ai^ — m £ |Z. 
(1) It is enough to check for [5, (0,0)], [T, (0,0)] and [/, (A,//)], where S = 
( 1 ) , T = ( 1 ~q ) , I = (J?) since T(l) J is generated by those elements (see 
Section gj): 



PERIOD RELATIONS, JACOBI FORMS AND EICHLER INTEGRAL 

(a) For [5,(0,0)], 

l(/k*,m[5,(0,0)])(r,z)| = |/(r + l ) z)| 

< K(\T + l\ p + v- a )e 27rm ^ 

2 

< K {\Ty + v )e « 

for some positive constants K',p' and o - '. 

(b) For [T, (0,0)], 

K/UmpT, (0,0)])(r,z)| = |(r)-V™^)/(-i,-)| 

r r 



Im(zr) 



< \T\- k K(\r\-e + (^_)-)| e 2 ™(^)|e' 7rm ^^ 



\t\ 2 

2 



< K\\t\ p +v~ a )e 2 

for some positive constants K',p' and cr'. 
(c) For[/,(A,//)], 

l(/k*,m[/,(A,/*)])(r,z)| = |e 2 ^ AV+2 ^/(r,z + Ar + / i)| 

< i^(|r| /3 + w - CT )| e 27r ™( A2 ^+ 2A2 )| e 27rmk± ^ 

< ir(|r| p + Oe 2 



-cr\ 2irm^— 



2 2 

(2) For any f,g eV m note that f(T,z)e~ 27TmM ^ and gr(r, z)e~ 27rm2 t" satisfy the 
following growth condition 

(3.1) \f(r,z)e- 2 ^\<K 1 (\rr+v-^), 

\g(T,z)e- 27Tm ^\ < K 2 (\t\p 2 +v^), 

for some positive constants K^pi and Oi,i = 1,2. We conclude that f + g <E 
V D 

More generally, let V be the space of functions which are holomorphic in 
% with the growth condition in (13.11) . It is easy to verify that V is preserved 
under \ u) ^fi for any 7 G T J and forms a ring. 

Definition 3.2. (Jacobi Integral) 
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(1) A real analytic periodic function / : % x C J ' — > C is called a Jacobi 
Integral of weight k G |Z and index .M^ with multiplier system u 
and a holomorphic period functions P 7 on T J if it satisfies the following 
relations: 

(i) For all 7 G T J 

(3-2) (/L,fc,MW7)(r, 2) = /(r, 2) + P 7 (r, z), 

where P 1 is in V M u). 
(ii) It satisfies a growth condition, when v,y — > 00, 

(2) The space of Jacobi integrals forms a vector space over C and we denote 
it as J kMU)(^ J )- -^ n particular when j — 1 we let A4^ = m so the 
space is denoted by Jikm(^ J )- 

Remark 3.3. (1) The periodic condition on / is equivalent to say that 

fl,kM» [ J > (0. 1»)1 = f. fUk M ^ [s e , (0, 0)] = /, 
or 

P[i,o,i n ]{T,z) = 0,P [s i m {r,z) = 0, 

for some £ G Z and for all n = 1, 2, • • • ,j where l n G V whose nth 
component is 1 and all other components are 0. 

(2) The collection of holomorphic functions {-P 7 |7 G T J } occurring in (13.21) 
is called the system of period functions of /. The period functions 
Pry satisfy the following consistency condition: 

p 7172 = P 71 L )fc| MW)72 + P J2 , for a11 71,72 e r J . 

(3) If P-f(T,z) = 0, for all 7 G T J , then / is a usual Jacobi form, whose 
space will be denoted by J u] ,k ) M {3) ^ J )- 
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3.1. Lifting from Jacobi integrals to Jacobi forms. In this section we 
take j ; — 1 and A4.^ = m for simplicity. The result in this section can be 
extended to general j > 1 without any technical difficulties. 
Let us define the following operator $ on J^ m (r J ) as 



y(f)(T,z):=v k e- 4 ™^(^ = )(T,z). 



• 2 ,d£, 

dz' 



Then the following holds: 

Proposition 3.4. Let G(-r,z) := V(f(r,z)) with f(r,z) G <// >m (r J ). Then 
G(t,z) is in Ji_ fe _ m (T J ). 

Proof (1) Let 7 = \{ a c b d ) , (0,0)] G T J . By the definition of Jacobi integral, 
we have 



- - ,ar + b z 
x ct + d 7 ct + d' 



(cr + d)- k e 2mm ^f(^^-, —) = f(r, z) + P,(t, z). 



Then since /(r, z) is real analytic with respect to z, we see that 



-cz 2 



,,_/. » T ,, t ,_Hzi9/ ,ar + b z . 1 df . . 

{cr + d) k e 2 ™ m ~ +dl L(—- -,—- - — — -i = jp (t,z) 
dz ct + a ct + a ct + a dz 



From this it follows that 

*(/)( 0T+6 z 



ct + d ct + d 

V k -47rm (/m(z( ^ + f , )))2 df .CLT + b Z 

_ p v \cT-\-d\ ' 



\ct + d\ 2k dz ct + d' ct + d' 

1l k a (Im(z(cT+d))) 2 „„2 f)f 

V -47rmi — V_/J" / _ . i\k/- , i\ 2-Kim-^—, °J , 



[ct + df(cf + rf) e ^ m ^+s ^(r, z) 



\ct + G?| 2fc ' ' q z 

V k 2mm^, 9f , 



e cr+d r Z ) 



(cf + df- 1 dz y ' 

(cf + d) 1 - k e 2nim ^r^(f)(T,z). 
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Since G(—r, z) = \&(/)(t, z), we have 

,ar + d z 



G( 



*(/)( 
*(/)( 



cr + d ' cr + d 
af + b z 



ct + d ct + d 
a(—f) — b z 



—c(—t) + d J —c(—r) + d' 



(-c(-t) + df- fe e 27rim ^™#(/)(-f , z) 



= (cr + d) 1 - k e 2Ki( -- m) £&G(T,z). 

(2) Let 7 = [/, (A, fj,)] G r J . By the definition of Jacobi integral, we have 



D 2nim(\ 2 T+2\z)VJ /_ .. , \ _ , . A "J 



-(T,Z + \T + ri = -(T }Z ). 



From this it follows that 



= v k e-*™^?f(T,z + \T + n) 
oz 

_ v k c -4*m iv+ * v)2 c -2irim(\ 2 T+2\z) °f / x 

<9z 

= e- 27rim(A2f+2Af) ^(/)(r,z). 

Since G(r, 0) = <&(/)(— r, 2), we have 

G(r, z + Ar + //) 

= *(/)(-r,f + Af + A*) 
= *(/)(-r,z-A(-f)+^) 



e 27rim ( A2 (-^)- 2 ^)^(/)(-f ; ^) 



-271 

-27ri(-m)(A 2 T+2A,z), 



>G(r,z). 
So the proof is completed. □ 

3.2. Examples. We give several examples of real analytic Jacobi forms, whose 
holomorphic part or non holomorphic part can be regarded as Jacobi integrals. 
The first example is from that in Zwegers[28j: 
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Example 3.5. For z = x + iy G C and r = u + iv ET-C, consider the series 
R(r,z)= J2 {sgn{v)-E{{v+ V -)^)}{-iy-^e 



y_\. /o„.M I -i\v—t{ „—Trii> 2 T—2nivz 
V' 



poo 

E(z) = sgn(z)(l-/3(z 2 )), (5{x) = / «-V™(Im(i61>0). 

J X 

Take a multiplier system 

w([J,(l,0)])=w([J,(0,l)]) = -l, 

W ([5,(0,0)])=e*,a;([r,(0,0)]) = ^=l=. 

y—i 

Then 

(1) (i?L,i ; _i[T, (0,0)])(r,z) = i2(r,*) + P [T , (0 ,o)](r^), where 

_,7rJT:r 2 — 2nzx 



P[T ' (0 ' 0)](T '" )= ' ^h^^ 



(2) For a G (0, 1), 6 6 R and TEH, let 



-too 



-R a ,b(T") = -i I , a ' 6 =^, 



-z(2 + r) 
where 

ffo )6 (r) := J2 ve™ 2r+2 ™ b . 

Then 

R a , b (r) = ie-^ a -h) 2 - 2 ^-^R( r , (a - l -)r + b + i). 

(3) This is a real analytic Jacobi integral of weight | and index — | with 
multiplier system w. 

(4) Furthermore, V{R){t,z) (= ^e 2ir V(|| )(r, 2)) = >/20(-t,*), where 
#(r, z) is the well-known Jacobi Theta series defined as 



6(t,z):= Y, ^ t 



+2mu(z+\) 



ue\+7. 
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Example 3.6. The following is a real analytic Jacobi Eisenstein series[6]: 
~E^(t, z) = J2 H ^ n - r Vf + "4 E ^A)?^ 

n.rSZ V r J g Z 

is a real analytic Jacobi form (Eisenstein series of weight 2 and index 1 on 
r(l) J ). Here, H(n) denotes the Hurwitz class number formula (see [6]). 

(1) Then H*(r, z) := \_, H(An — r 2 )q n £ r is a (holomorphic) Jacobi inte- 

n , r £ Z 

gral of weight 2 and index 1 with period function 
(3.3) p [r(00)] (r,z) = f- / ^(t,0)(-z(i + r))-tdi^(r,z). 

2_ .2 

(2) R(t,z) := -y= 2_. (3( 7l f 2 v)q * £' r is a (real analytic) Jacobi integral 

r,/ez 
of weight 2 and index 1 with the same period function P\t,(o,o)] (t, 2) in 

(O. 

(3) It was shown[12j that R(r, z) = ^J ££ 0(t, 0)(— i(t + r))"! dt • 0(r, 2). 

The Higher-Level Appell functions studied in [25] can be regarded as Jacobi 
integral. For example it has the following property: 

Example 3.7. Let 



„2 



£i(g,z,j/) = E i g2g m ^ = e 2mT ,x = e 2 ™, y = e w Ve ft,*,™ e C. 
*— ' 1 — xyq m 



Ex 2 
q~x x . Note that 

) = 6(t,z). 



Aez 
1 z. 



\J—XT T T 

Take a multiplier system 

w([/ ) (l > 0)])=w([J,(0 ) l)]) = l, 

u;([T,(0,0)]) = V=i 
and let Ai^ = I _i J. Then it was shown that 

( G L,i^M« [ T > (°> °)])( r > 2 > w ) = G ( T > *> w ) + p [T,(o,o)] (r, 2, w) 
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where 

1 w«i f _^.2 e v^cte 



P[t,(o,o)](t^,w)= ~e m ^ / e-"'- 



2 J R 1 - e -2W=*r 

So G(r, z, w) is a Jacobi integral with weight | and index 2(0-1 ) with a 
period function P[t,(o,o)]( t , z , w )- 

4. Period Relations 

In this section we study more precise period relations of Jacobi integral in 

J., fc , m (r(i) J ). 

4.1. Jacobi Group. Let us introduce the following notations: 
G = [S, (0, 0)], G x = [S, (1, 0)],G 2 = [T, (1, 0)], 

G 3 = [I, (1, 0)], G 4 = [I, (0, 1)},I J = [I, (0, 0)], 
V = Old = [-TS, (1, -1)], R = G\G Q = [-TS, (0, -1)]. 
We recall the following facts: 

Theorem 4.1. (1) r(l) J is generated by G\ and G 2 . 

(2) T(1) J is generated by Go and G 2 . 

(3) r(l) J is generated by G 2 and V. The generators G 2 and V satisfy the 
relations 

GJ = V 3 = I J , 

VG\ = [I, (-1, -2)}G\V = G 2 2 [I, (1, 2)]V = G 2 2 V[I, (-2, -1)], 

and these are the defining relations for r(l) J . 

(4) r(l) J is generated by G 2 and R. 

Proof See H]. □ 

Corollary 4.2. The generators G\ and G 2 of the group r(l) J satisfy the 
relations 

^2 — l tj 2 tj lJ — 1 7 ^2 — l ( - T 2 (jr 0j — J- , L*2 — K — 1 ■ 

Proof See g]. □ 
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Remark 4.3. The following relations hold: 

[I, (0, -1)] = G^GfGoGl [I, (0, -1)] = G^GfGo, 
[T, (0, 0)] = [-/, (1, 0)]Gjj, [-/, (1, 0)] = Go ^2 2 G . 

Definition 4.4. (parabolic element) We call any element of the form [( J [ ) , 

(0, r)], £, r G Z, a "parabolic element". 

4.2. Period functions. Classically, there are two relations period polynomial 
p(r) associated with elliptic cusp forms of weight 2 — k should satisfy (see [IB"]), 
namely, 

p(r)+r- fc p(--)=0 

r 

and 

P(r) + r- k p{—) + (r - l)-V(^r) = 0. 

T T — I 

In this section we study the relations in which the period function P[t,o,o] ( t , z) 
associated with Jacobi integrals should satisfy. In particular when z = we 
recover those period relations from elliptic modular forms. 

For simplicity we consider the case when j = 1 and M.^) = m. 

Proposition 4.5. The transformation formulas of Jacobi integral on r(l) J in 
(\3.3ty can be reduced to the following two relations: 

(i) fU, m [s,(o,o)] = f, 

(2) fl,k,m[T, (1,0)] = / + P[T,(i,o)], with P [T , m] E V m . 

Proof Since r(l) J is generated by Go and G<i the result follows. □ 

Theorem 4.6. (T'eriod Relations,) Take a multiplier system u with u)(—I) = 
1. If a Jacobi integral f is even and periodic with respect to z, i.e., -P[-/,(o,o)]( r > z ) 
P[i,(o,i)]( T , z ) = 0, then the period functions -P[T,(o,o)]( r ) z ) an d h(r, z) := Pry, (1,0)1 
(r, z) satisfy the following properties: 

(1) P[T,(i,o)] = P[t,(oM ■ 

(2) P [T ,(o,o)] + P[T, { omkk, m [T, (0,0)] = 0. 

(3) P[T, m] + P[T, m] l,k,m[ST, (0, 0)] + PU k , m [(ST) 2 , (0, 0)] = 0. 
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(4) h\ u ,k,m[T, (0,0)] = -P[T,(0,0)] + P[T,(0,0)]\uj,k,m[I, (0, -1)]. 

(5) h = P[T,(0,0)] - P[T,(0,0)]\u,k,m[—I, (1)0)]. 

(6) h + hl Am [-I, (l,0)] = 0. 

Proof Note that P[ 7 ,(A )A t)] = P[- 7 ,(a,^)] since / is even with respect to z. 

(1) /U, fc , m [/,(0,-l)]U, fc , m [T,(0,0)] = f + P [T>m] =/ + P [T ,(i,o)]. 

(2) It follows from [T, (0, 0)] 2 = [-/, (0, 0)]. 

(3) It follows from [ST, (0, 0)] 3 = [-1, (0, 0)]. 

(4) From [J, (1,0)] [2\ (0,0)] = [T, (0, -1)] = [r, (0,0)] [I, (0,-1)] it follows 
that 

fr|w,fc,m[P, (0, 0)] + P[T,(0,0)] = P[/,(0,-l)]- 

(5) It follows from [T, (1, 0)] = [T, (0, 0)][J, (1, 0)] and (JQ. 

(6) By the definition of /i 

h\ Uf k,m[-I, (1, 0)] = P[/,(l,0)]U,fc,m[-^, (1,0)] 

= P[-7,(0,0)] - P[-/,(1,0)] = -/l. □ 

Example 4.7. The following examples are in Example 13.51 We set 

r p ntTX 2 — 2nzx 

P(r,z):=P [T , m] (r,z) = ^--^—dx 

and 

h(T,z):=P [mm (T,z) = 2e-™-« iT /\ 

Then we have 

(i)p(v)-(PU/,(o,i)])( v ) 

= P(r, z) + P(r, z+1) = -^e^+Wl- = (h\„[T, (0, 0)])(r, z + 1). 
(2)P(r,*)-(P| u [I,(l,0)])(r,*) 

= P(r, 2) + e- 27r ^-^ T P(r, z + r) = 2e- s r L -* iz = h(r, z). 

(3) P(t,z) + (PU[T,{0,0)])(t,z) 

= p( T , z) - -^=e 27r 4^P( r , 2) = 0. 

(4) (PUT, (0, 0)])(r, z) + (P\ U [S, (0, 0)])(r, z) + (PUSTS, (0, 0)])(r, z) 
= -P( V ) + eTP(r+M)+e-T e J^. } P(-X., -^) = 0. 
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Example 4.8. The following examples are in Example 13.71 We set 
P(r, z, w) := P[r,((o,o),(o,o))] (r, z, w) = e m - $(r, ty) 

and 

%,z,w) := P[/,((o,o),(i,o))](r,z,uO = e" 2 ™"^. 

Here, 

x./ \ l f -the 2 e ^^ax 

$(r,w) := — / e 



2 J K 1 - e -27nr^=i7 

Then we have 



(1) P(r, z, w) - (P\ U [I, ((0, 0), 2 (0, -l))])(r, z, iu) 
= e 7r ^$(r, z,w) - e 7ri_! ^^$(r, w - 1) 
= --/^e-^ = -^[T, ((0,0), (0,0))]. 



(2) P(r, z, w) - (P| w [/, ((0, 0), (1, 0))])(r, z, w) 

2 2 

= e 7ri ^$(r, z, tu) - e m2£ r$(T, z,w + t) = e -^^~^ = ^ ^ w )_ 

(3) P(r, z, ,w) + (PUT, ((0, 0), (0, 0))])(r, z, u;) 
= e m! #$(r, z, w) + ^$(-±, f , ?) = -I- 

Proposition 4.9. Proposition \4 . 6} (2) implies that Proposition \4 . 6} (5) 

Proof From the relation [ST, (1, 0)][ST, (0, 0)][ST, (0, 0)] = [-1, (0, -1)] we 
derive 

h\ u , k , m [-I, (0,0)] = -P\ u *, m [ST, (0,0)] -P\ Utktm [(ST) 2 , (0,0)] 

-P| w>fc , m [/,(l,0)][-/,(0,0)] = 0. D 

Using the above relation we study a family of Jacobi integral which has a 
theta decomposition 

4.3. A Jacobi integral with Theta decomposition. Consider a holomor- 
phic Jacobi integral 4>k, m '■ fi x C 2 — > C such that 

(A) (<j>k,m,\u,kM[ S > ((0,0),(0,0))])(t,z,w) = <j> k>m (T,z,w). 

(B) (<f> k ,m\u,k,M[l, ((1, 0), (1, 0))])(r, Z, w) = <f) k ,m(T, Z, w). 

(C) ((f>k,mU,k,M[^ ((0, 0), (0, l))])(r, z, iu) = 0fe, m (r, z, tu). 
Then the following holds: 
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Proposition 4.10. (1) <f) ktm (T,z,w) = ^ hi(T,w)9 m ,t{r,z), 

£ (mod 2m) 

where he(r,w) = e~ in ^r J p 0(r, z,w)e~ 2mez dz,p G C and 
9 m/ (r, z) := Y, ^' ? = ^ * = e2 " 2 - 

r = ^(mod2m) 

2m- 1 

(%> (0fc,mL,fc,x[^ ((0, 0), (0, 0))])(r, 2, w) = fc>m (T, z, «;)+ J^ P?(r, w)9 m ,e{r, z) 



where P t (r,w) = hi(r,w) - (he\ uk i M [T,(0,0)])(r,w). 



e=o 



2m- 1 



(8) (0*,mkftx[^((O,l),(O,O))])(r,«,iw) = fc , m (r, z, tu) + ^(P £ (r,w) 

-(^L 1 fc-^K.((i,o).(o.o))])(T,w))W^«)- 

Proof (1) The condition (B) implies that 

so that it has the following theta series expansion, 

(f) ktm (r,z,w) = Y h e (T,w)9 m/ (r,z) 

£ (mod 2m) 

(see detailed proof in [10] or [28]). 

(2) This follows from transformation formula of Theta Series (see [TO] ) 



^m, M (--,-) = W^— e r 2^ e ^^(r,0). 

i^ (mod 2m) 



(3) This follows from the period relation given in Proposition 14.61 if 

(<Pk,m\uj,k,M [I, ((0, 1), (0, 0))])(r, Z, W) = 0fc, m (r, Z, W) + P[/,((0,1),(0,0))] 0, z, w) 

then 

P[/,((o,i),(o,o))](t, z,w) = P[t,((o,o),(o,o))](t, z,w) 

-(P[T,a0,0U0,0))} L,k-iMl-^ ((!> °). (°. ))])( r ' Z i w )- 

□ 
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4.4. Cohomology. We call any collection of functions {(p^\ 7 G T* 7 } in V, 
which satisfies 

(4.1) (^7172 = y«yi|w,fc,m72 + ^72' for 7l, 72 G T J 

a cocycle of weight fc and index m on r J . A coboundary of weight fe and index 
m on T J is a cocycle {y? 7 | 7 G r J } such that <£> 7 = v 9 U,fc,m7 — V 9 f° r an 
7 G r J , with </? a fixed function in V m . The parabolic cocycles on T J are the 
cocycles {y? 7 | 7 G T J } which satisfy the following additional condition: for 
each parabolic element Qj,j = 0, ...,£, there exist ipj, G P m >j — 0, ..,£, such 
that 

(4-2) ipQj = (Pj\uj,k,m,Qj - <-Pj- 

Definition 4.11. (1) The cohomology group H^ km (T,V m ) is defined to 
be the vector space of cocycles modulo coboundaries. 
(2) Let H^ k m (r, V m ) be the subgroup of H* k m (T, V m ) defined as the space 
of parabolic cocycles modulo coboundries and we call H^ km (T,V m ) a 
parabolic cohomology group. 

Remark 4.12. (1) This is an analogous definition of the Eichler (para- 
bolic) cohomoloy group H\ v {T,P k ), where P k is the vector space of 
polynomials of degree < k (see [14]). 
(2) For each <fi G Jfc, m (r) there are at least two ways to attach the elements 
in H* k m (r, V m ). One is via Eichler integral with Q-division points and 
the other is via Eichler Integral and theta decomposition. 

Now take T J = r(l) J and consider the space of the following period func- 
tions: 

(A.3)Ver uAm ■= {P 6 V m \ P + P\ u , k , m [T, (0, 0)] 

= P + PUAST, (0, 0)] + P\ Utk , m [(ST) 2 , (0, 0)] = 0}. 

Then the following is true: 
Proposition 4.13. Ver Wj k,m is a generating set of all parabolic cocycles of 

ray. 
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Proof First of all, one may regard P e Ver^^^m as the element P = Ppr,(o,o)] 
in the set of parabolic cocycles on r(l) J from Proposition 14.61 On the other 
hand, the set {[S, (0, 0)], [T, (0, 0)], [/, (0, 1)]} generates r(l) J and, again from 
Proposition I4.6[ one has 

P[I,(0,1)] = P[T,(0,0)] - P[T,{Q,0)]\u,k,m[—I, (1, 0)]. 

So it is clear that P[t,(o,o)] generates every parabolic cocycle in r(l) J . □ 

5. Jacobi Poincare series and Existence of Jacobi Integral 

5.1. Jacobi Poincare series. A generalized Poincare series was studied in 
[2] to show the isomorphism between the parabolic cohomology group and 
space of elliptic modular cusp forms of the arbitrary weight. 

Here we also introduce a generalized (Jacobi) Poincare series to show the 
existence of Jacobi integral, which may has poles, associated to given period 
functions P 7 G V m on r(l) J . 

Definition 5.1. Suppose {y> 7 (7 e r(l) J } is a parabolic cocycle of weight k 
and index m which satisfies the additional condition that ip[s,(p,o)] = f[i,(o,i)] = 
0. Suppose A; is a positive even integer and u> is a multiplier system of weight k. 
Then the generalized Poincare series $({</? 7 }, k, m, w; r, z) = $(r, z) is defined 
by 

(5-1) $(r,z):= Y^ ((PiUksnrifaz), 

where r(l)i = {[±(^),(0, / i)]|n, / iGZ}. 

Note that the assumption ^[^(o.o)] = f[i,(o,i)] = nas been made to insure 
that the individual terms of the series are independent of the choice of 7 of 
coset representatives. 

Theorem 5.2. For sufficiently large k (> g) and m > the generalized 
Poincare series $({y9 7 }, k, m, u; r, z) converges absolutely where g = max(2e + 
5,4), where e is defined in Lemma \8.2\ in Appendix. 
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Proof The proof of absolute convergence of the series defining $(r, z) is based 
upon a series of lemmas. Those are essentially Lemma 4, Lemma 5 and Lemma 
6 in [llj . We give the detailed proof in the Appendix. □ 

5.2. Existence of Jacobi Integral. 

Theorem 5.3. Let r be any real number, m > and u a multiplier system of 
weight r and index m. Suppose that {ip-y\ 7 G r(l) J } is a parabolic cocycle of 
weight k and index m in V m such that tp\s,(o,o)] = ¥>[j,(o,i)l — 0. Then there is a 
meromorphic function /:KxC->C such that 

(/Ur,m7)( r > z ) ~ /( r ' z ) = V-rfa z ) f or al1 7 e r(i) J . 

Proof We take a generalized Poincare series <3>({<^ 7 }, k, m, u; r, z) = $(r, z) 
for sufficiently large k such that k > g, g = max(2e + 5, 4). For 7 G r(l) J , we 
see that 
(5.2) 

$U,r,m7 = U(l)jk, m (l, (r, z)Y l $(T, Z) - 0(j)j k ,m(l, (t, z)) -1 flr(r, ^)V2 7 ( T ' *)> 

where g(r, z) is the Eisenstein series 

(5-3) g(r,z):= J^ w (7)^(7, (r, 2:)). 

7er(i) 00 \r(i)-' 

The functional equation (I5.2p is a straightforward consequence of the absolute 
convergence of (15. ip . the consistency condition for the cocycle {<^ 7 } and the 
consistency condition for the multiplier system u. For k > 4 the series in (15.31) 
converges absolutely and it follows that 

0(7(7-, z)) = w(7)j fc>m (7, (r, z))~ 1 ^(r, 2) 

for 7 E T J . Thus, putting F(r, z) := — rr4 and applying (15. 2p . we find that 

{^\u,r,mi){r,z) 



{F\u lT ,mi)(T,z) 



g{l{r,z)) 
$(r, 2; 



+ ^7( r > 2 ) = F ( T > *) + V7( r > 2 ) 



01T, Z) 

so that F is a solution of the functional equation. □ 
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Remark 5.4. In [H] the generalized Poincare series has been studied to show 
the isomorphism between the Eichler (parabolic) cohomology group Hl v (T, P k ) 
and the space of cusp forms of weight 2 — k on T, where the Petersson's result 
has been used to guarantee that one can construct a modular form which has 
the assigned poles and zeros in H (see [2] for details). However it is not 
known yet if the analogous result of Petersson can be extended to the Jacobi 
form case to show the constructed function / in Theorem 15.31 is holomorphic 
in n x C. 



6. Mock Jacobi forms 

In this section we introduce a mock Jacobi form, which has a corresponding 
dual Jacobi form. Further study see [8]. 

6.1. Mock modular form. The concept of Mock modular form, which was 
motivated from Ramanujan Mock Theta function, was first introduced by 
Zagier in [27J: A function H : H, — > C is called a mock modular form if 

(1) It is holomorphic in % with only possible poles at the cusps (so that it 
contains the weakly holomorphic modular forms). 

(2) There is a rational number A such that H(q),q = e 2nlT , must be mul- 
tiplied by q x in order to have any kind of modularity properties, and 
a "shadow" g = S[h] which is an ordinary modular form of weight 
2 — k such that the holomorphic function h{r) = q x H(q) becomes a 
non-holomorphic modular form of weight k when we complete it by 
adding a correction term g*{j) associated to g{r). 

(3) This "shadow" depends 1R- linearly on h and vanishes if and only if h 
is a modular form, so that we have an exact sequence over IR : 

->■ M[ ->■ M fe ^ s M 2 - k 

Here, M^M^ and M 2 -k are the space of weakly holomorphic modular 
forms, the space of mock modular forms and the space of modular 
forms, respectively. 
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Remark 6.1. A mock modular form defined here is more restricted than that 
in [27] since we take a rational invariant A = (see [27J for more detailed 
information). 



The various examples were discussed by Zagier[27J. Here is one more exam- 
ple, which was already computed in 



Example 6.2. (1) Assume k G 2Z and let r = u + iv G "H. Consider 

n ( \ \ - \~^ ( v \ s 

k\ T \ s ) ~ 2 Z_^ ( mT + n \k^\ mT + n \2> 

m,neZ v ' ' ' 

which converges for Re(s) > 1 — |. 

Then the Fourier expansions of Gk{T\s) was derived in [23] : 

G*(t|s) = C(* + 2S)V° + (-l)tTT r(fc ) g)r J J C(fe " 1 + ^V 1 ^ 



T(k + s)T(s) V * ^ ^-i+2sH{^(4vrnt;, k + s, s)e 



+cx(47rra;, s, fc + s) e -^ mr } 
where <r u (n) = £} d" and crfa, a, 0) = f™(u + l) a ~ V^e"^ du. 



d | ?i 
d>0 



Let G* k {r\s) = 7i-T(s)G k (T\s). Then 

Gl(r\0) = H* k (r) + Rl(T), 
where 



fl*(r) = 75-§!*C(l -k)- £_*^ r°[G^ k (w\0) - C(2 - *)](«; - r)-*d«; 



(2vri 



/,:) W(i-^) + $>*-^) e2 ™) 



n>l 

and 

^(r) = (-A;)!C(2-fc)(-) 1 - fc 

7T 



' / '' ,! ' [G 2 _ fc ( W |0)-C(2-A;)]( M ; + 2)- fe ^. 



(2?ri) 1 - fc 
So HI(t) is a mock modular form with Shadow S[H%(r)] = G f 2-* ! (T|0). 
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6.2. Mock Jacobi forms. Let us recall the following heat operator intro- 
duced in [9]: Take a matrix M.^' G Mj X j(K). The heat operator L M a) is 
defined by 

where 

<£) = <£>.* = <* W^ 

and |.M (j) | is the determinant of .M (j) , .M^O = («MW m „), A^^') mn is the cofac- 
tor of the (to, n)th entry of My' for j > 2, and .M^') = 1 when j = 1. 

Definition 6.3. A mock Jacobi form <ft : % x C J : — > C is a meromorphic 
Jacobi integral in J j 3 - (j) (r J ), fe G Z> , such that L^^ (0) is a nontrivial 

(meromorphic) Jacobi form of weight k + | + 2 and index .A/f ^ with multiplier 
system. The Jacobi form L*j+y)(0) is called a "dual" of 0. In other words, we 
say that a meromorphic Jacobi integral which has a "dual" Jacobi form is a 
mock Jacob form. 



The following was introduced by Zwegers 
6.3. Lerch Sum. Consider the Lerch sum, 

piriw I i \n p Tvi{n 2 -\-n)T+2iTinz 

fi[T, Z, W) .= 2_^ j _ e 2mnT+2mw ' 

which was originally studied by Lerch and whose elliptic and modular trans- 
formation properties were derived by Zwegers [28] to connect with Mock theta 
function. Here 

0( r ,z) := J2 e^ 2r+2 ™ (2+ 5). 

Using the transformation properties of fi(r,z,w) and 0(r,z) the followings 
were derived in [28j and [2]: 

Example 6.4. (1) Let f(r, z) := e ntz ~ ntT ^fj,(T, z, |t+|) which is a Jacobi 
integral of a weight | and an index m — — |. It satisfies the following 
transformation properties: 
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(a) 

' e*^f(-~, -) = /(r, z) - -e™ z -™ T / 4 h(T, z--t + -). 



v^7 v t 1 t j Jy ' ' 2z v ' 2 2 

So, this implies that the period 

P(r,z) := P [T , m] (r,z) = —e^^'h^z - \r + \). 

(b) L m (f(r,z)) is a "dual" of/, that is, a (nontrivial) (meromorphic) 
Jacobi form of weight § and index — |. Here, 

, .9 <9 2 

L m := 47rz— + 



<9r &z 2 

is the corresponding heat operator. 

(2) More generally,let / aj b(r, z) := e 2maz - ma t ^(t, z, ar + b), for any a,b G 
K, which is a Jacobi integral of weight | and index — ~ with its dual 
L m (f a ,b) which is a Jacobi form of weight | and index — |. 

(3) In fact that the dual of f a ^ was computed explicitly in [2J: 



dr ^w^v ' a 6(T,ar + b)6(T,z) 3 

x{ai(r)6» (2r, 2^ + ar + b) - « (r)6»i(2r, 2z + ar + b)}. 
Here, 

o (r,z) := ^V m2r+2 ™*, 
fl^r,*) := J2 e™ 2r+2 ™ 2 , 

n£±+Z 

« (r) = «o' b := ^(n + a/2)e WT+2 ™ (ar+b) , 



« 1 (r) = af := ^ (n + a/2)e 2 ™ 2T+2 ™ (ar+6) . 

Remark 6.5. Further a family examples via Eichler integrals are constructed 
in jg 
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7. Conclusion 

In this paper we study the period relations associated with Jacobi inte- 
gral. This explains the relations from the Modell integral associated to Lerch 
sums [28] and from the functional relations associated higher Appell functions [25] 
On the other hand, modular symbols can be studied purely algebraically using 
period relations [18] and recently modular symbols are extended to the complex 
weight forms associated to Maass wave forms. We are intending to develop 
higher modular symbols, Jacobi-modular symbols, using multi-variable period 
relations as well as the actions of Hecke operators on them[7]. 

8. Appendix 
Here we begin to prove Theorem 15.21 

Lemma 8.1. For real numbers c, d and r = u + iv, we have 

' ;)(c 2 + d 2 ) < \cr + d\ 2 < 2(|r| 2 + tT 2 )(c 2 + d 2 ). 



1 + 4|t| 2 ' 

If A G T(l) consider a factorization of A, A — C\ ■ ■ • C q where each Ci is T 
or a power of S. Eichler showed that for any A G T(l) the factorization can 
be carried out so that 

q < mxlogfi^A) + m 2 , 

where mi,m 2 > are independent of A and 

fi(A) = a 2 + b 2 + c 2 + d 2 if A = ( a c b d ) . 
We assume that the cocycle {y? 7 } in V m satisfies 

(8.1) \fiT, m] (r,z)\ < K(\r\^ + v-ne 2 ^, 

\<Pi(r,z)\ < K(\T\ p + v- a )e 2wm ^, for < 2 < /. 

Here ipi(r,z) is defined by (14. 2p and K,p,a are positive constants. Assume 
also 2a > k, p > —k. 

Lemma 8.2. //{<^ 7 } is a parabolic cocycle then there exists K* > such that 

lm,(o,o)] U,m[C h+ i, (0, 0)] ■ ■ • [C q , (0, 0)](r, z)\ < K*p(Ay{\r\ 6e+2k +v- ee ~ 2k }e 2 ' 
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for 1 < h < q. Here e = max(^, a — ~) and A — C\ ■ • ■ C q is a factorization 

of A er(i). 

Proof Consider first the case when Ch is T. Let 7 = Ch+i ■ ■ -C q = ( a c b d ). 
Then, by flHJj) . 

_ cz 2 -y 

|P[C fc) (o,o)]|[ 7 ,(o,o)] ( r ' *) I = l«" + d|~ V""^^ I \<P[c hl (o,o)] (^ r ' ^rp^ I 
< \ct + t/r fc K(| 7 r| p + tr ff |cr + d\ 2a )e 2m ^ 
= {K\ar + b\ p \cT + d\- k - p + iT|cr + d\ 2a - k V - a )e 2m ^ . 



By Lemma [8.11 

|ar + &|' < 2H\T\ 2 + v- 2 )Ha 2 + b 2 fi, 

\ CT + d \- k - p < 2°- ! l(\T\ 2 + v- 2 )^ £ (a 2 + b 2 )^. 

Hence we have 

|^,(o,o)]|[7,(0,0)](r,z)| < e 2 ^{K2H\r\ 2 + v- 2 )Ha 2 + b 2 ) E 2 

1 + 4|r| 2 p+fc o 2 \ ~ fc - p 

+ir2 CT -t(|r| 2 + i;- 2 ) CT -i(c 2 + tfy-Sv- 9 }. 

Since the nonzero c, (**) G T(l), with T(l) discrete, have a positive lower 
bound, it follows that c 2 + d 2 has a positive lower bound; hence 



I^(o,o)]|[7,(0,0)](t,z)| < e 2 ™V { ir 1 (a 2 + 6 2 )f(|r| 2 + ^ 2 )l(i±^) £ ? 



-'/„2 , j2\<t— £/|_|2 1 „.-2\er- ' 



+ifUc 2 + dT 2 (M^-T- 2 t ,-}. 

Note that 

a 2 + b 2 + c 2 + d 2 = /i( 7 ) < ir 2 /i(A), 

so that 

lm,(o,o)]|[7,(0,0)](r,*)| < e 2 ^{K-MA)H\r\ 2 + v- 2 ^v- k ^(l + A\T\ 2 Y 

+K' 3 /j(Ay-^v- (T (\T\ 2 + ir 2 y- L * }. 
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Letting e = max(^, a — |), we have 

lm,(o,o)]l[7,(0,0)](v)| < e- m V { ^ 4/i (A) e (|rr + ^) 

x(w- fc ^(l + 4|r| 2 )" + 5+t;-)} 



2wm^- r 7^ ,,/ /l\e/|~|2 , „,-2\e 



< e 27Tm v{K A/ j(A) e (\T\ 2 + v~ 2 ) 

\ v -2k-2p , 1 

'2 2 



x|V 2 ^ + -(1 + 4|r|y +fc + tT CT )}. 



Now a < e + | and p + A; < 2e + /c, so that 

lm,(o,o)]|[7,(0,0)](T,z)| < e 2 ^{K 5/ .(A) e (|r| 2 + ^ 2 ) e (|r| 4e+2fe + ^ 4e - 2fc )} 

< e 27rm ^{K 6 /i(A) e (|r| 6e+2fe + v- 6e - 2fc )}. 
We now deal with the case in which Ch = S m for some m G Z. Then 

^[5,(0,0)] = <A) I [S, (0,0)] -<p„, 
and therefore 

¥>[c fcl (o,o)] = Vo|[C fc , (0,0)] - y?o- 
From this it follows that 

^[^,(o,o)]|[C , , + i---C' g ,(0,0)]=^o|[C , ,---C' g ,(0,0)]-^o|[C , , + i---C' g ,(0,0)]. 

The previous argument applies to each of the two terms on the righthand side 
to yield 

|^,(o,o)]|[a +1 • • -C q , (0,0)](t,z)| < e 2 ™^ {KMm\rr +2k + v^- 2k )}. 

The proof is completed. □ 

Now we will use the Ford fundamental region TZ. It is defined as follows: 

U = {re H\ u < - and \ct + d\ > 1 for all 7 = (* c * d ) G T - r^}. 

Then there exists y$ > with iyo G 1Z. Now determine M by the condition 
that [A, (A,0)] G M if -| < Re{A(iy )} < f . 

Lemma 8.3. If [A, (A, 0)] = [("J),(A,0)] G M, chosen as indicated above, 
then 

12(A) <K'(c 2 + d 2 ), 

for K' > 0, independent of A. 



26 YOUNGJU CHOIE AND SUBONG LIM 

Lemma 8.4. For A G Z 

l¥>[/,(A,o)](r,*)| < \\\K{\r\ P + v-°)e 2 ™^ ■ 

Proof First note that <£>[/, (0,0)] — and 

¥>[J,(o,o)] = <P[i,(-i,o)] \[I, (1,0)] + y?[/,(i,o)]- 

So |v/,(-i,o)]( r , -2)1 — I ^,(1,0)] ( T , ^)|. And for A > we see that 

\<P[i,(\,o)](t,z)\ = |¥>[/,(A-i ) o)]|[^(l,0)](r,z) + ¥> [/i( i i o)](r,«)|. 

So by induction on A we get the result in the case of A > 0. And we can prove 
the result when A < by the same way. □ 



Lemma 8.5. (1) The series 



J - 2 ) E E( cr+rf r v ™ (A2f ^ +2A ^~^ 



c ,dez Ae2 

(c,d)=l 



converges absolutely if k > 3. 
(2) The series 



( 8 - 3 ) E E( cr+rf )~ feAe ^ +2A ^^ 



c.dez AeZ 
(c,d)=l 



converges absolutely if k > 4. 
Proof (1) We consider the series 



£ 



j'ti 



e -a(x+0) 



2 



Note that the following estimate holds: 

^ e -«(x+« a <l + 2^ e - as2 . 

This is clear for /3 G Z. And if /3 ^ Z, it follows from 

( _( x+[/3 ] + i)2 forx<-[/3]-l, 

"' ' ^ -(x + \8}) 2 foix>-\8], 
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where [/3] is the Gauss bracket. Since e~ ax > and this is a decreasing 
function we get the following estimate 



/"OO 

J2^~ ax2 < / e~ ax2 dx. 
„<z™ Jo 



xe 
And if we use 

/■oc 



2 , 1 /7T 



2 V a 
we get 

(8.4) E e ^ +/3)2 ^ 1 + \/^ 

Now we estimate the sum 

El 2 7rm(A 2 ^±i+2A^ ra -^ 7 )| 
g v cr+a cr + a cr-t-a' 

AGZ 

, 2 7rm(^^iY^ -27rm(A 2 , " ,., +2A Jm(z(c '+ d)) ) 

Aez 

2^- m Z V^ - 2 7rm— ^- T (A+ /m(2(c ' +d)) ) 2 

xez 
If we use (18.41) then we see that the series (j8.2p converges absolutely if fe > 3. 
(2) Note that if Re(a) < then we have 

xe +p dx = \ ( )e 4 « 



oo 



_*— a 2a' 
and 

\Im(z(cr + d))\ < \z\\cT + d\. 

Then by the same argument we see that the series ( 18.31) converges absolutely 
if k > 4. □ 

Note that the series ( 18. 2 j) can be written as 

]T l| fe , m [A(A,0)] 

[A(A,o)]er(i)J\r(i)J 

and the series fl8.3[) can be written as 

]T A(l| fc , m [A(A,0)]). 

[A(A,o)]er(i)i\r(i)^ 
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Proof of Theorem 15.21 Suppose [A, (A, 0)] G M. As before write A = 
C\ • • • C q . Then we find that 

¥>[A,(0,0)] = ¥>[Ci~C„(0,0)] 

= P[Ci,(o,o)] I [C 2 • ■ ■ C q , (0, 0)] + V[c 2) (o,o)] | [C 3 • • • C g , (0, 0)] + • • ■ + ¥>[o„(o,o)] , 



with g < milogfi(A) + m 2 terms on the right-hand side. By Lemma 18. 2\ we 
have 



2 2 

I H- — -r r-ic / A \ t> / i I 'Ti Tl\ - O'TT'm M. — 



|^[A,(o,o)](t^)| < e^^-K^iAYdr^ + v-^q < e^ m ^ K^{A) e+1 {\r\^ + v~ r >), 

where rj = 6e + 2k and we have used q < milogn(A) + 7712 < msn(A). Lemma 
yields 



f[A, m] (r, z)\ < e 2 ™-K* 2 (c 2 + ^) e+1 (|r|" + v~* 



and, by Lemma [8. 11 

(8.5) W { A, m] {r,z)\ < e 2 ^K;\cT + d\ 2e+ \ l+ ^ 2 y +l {\T\v + v-v). 

Note that 

\<f[M\,o)]{r, z)\ < \<p [A>m] \[I,(\,0)](T,z)\ + \<p [l!{xm {T,z)\. 
Hence, by (18. 5 p and Lemma IH^fl 

|^[A,(A,o)](r,^)| < e 2 ^^|cr + rf| 2e+2 (^^) e+1 (|rr + ^) 

+ |A|ir(|r|" + v- CT )e 2 ™^. 

To prove the convergence of the series $(r, 2) we need to estimate the absolute 
value of the general term of the series. This is 

\(p J (T,z)(l\ wAm [A,(X,0)])(r,z)\ 

< e 2 ^K 2 *|cr + rf| 2e+2 ( 1 + 4 2 |r|2 ) e+1 (|rr + ^)|(lU m [A,(A,0)])(r,^)| 



v 2 



-cr\ „2izm^— I 



+ \\\K(\T\P + V-°y 7Tm »\(lU,m[A(\,0)])(T,z)\ 

e 2^^ ( i+^! )e+ i (|rr + ^ )|(1| m[A{X ,0)])(r,z)\ 

+ \X\K(\r\P + v-^e 2 ^\(ll Am [A,(\,0)])(T,z)\, 
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where A = ("^). By Lemma [8.51 we know that the series $(r, z) converges if 

k > 2e + 5 and k > 4. □ 
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